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Detection (LOD) in such measurements carried out at high pressures is of great interest for monitoring
technologically important processes such as supercritical drying of aerogels. We studied compositional
measurement sensitivity of cantilevers defined as the derivative of the cantilever resonant frequency or
quality factor with respect to the fluid mixture composition. On the basis of Sader’s model of hydrody-
namic interaction of an oscillating immersed cantilever with the surrounding fluid, we derived analytical
expressions for the sensitivity that were found to be complex functions of the density and viscosity of the
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High pressure mixture as well as the length, width, thickness, and density of the cantilever. We measured the frequency
Ethanol response of cantilevers immersed in ethanol-CO, mixtures containing 0 — 0.04 wt fraction of ethanol at
Carbon dioxide 318K and within the pressure range 10-21 MPa. Using the measured resonant frequency and quality
Frequency response factor together with previously published density and viscosity data for ethanol-CO, mixtures of var-

ious compositions, we calculated the sensitivity at each pressure and temperature and determined the
LOD of the measurement. In particular, with our current setup, the LOD ranged from 0.0009 to 0.0071 wt
fraction of ethanol in the mixture in the pressure range 10-21 MPa for a 150 pm long cantilever. Our
results convincingly illustrate the potential of miniature cantilever-based probes for fast and sensitive
in-situ detection of the composition of fluid mixtures in practical technological processes carried out at
high pressures.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

Compact sensors based on cantilevers fabricated from different solid materials have received steadily growing attention for the charac-
terization of pure fluids and fluid mixtures [1-14]. When an oscillating cantilever is immersed in a fluid, the fluid surrounding the cantilever
is set in motion. This moving fluid then applies hydrodynamic forces on the cantilever, resulting in a decrease in the resonant frequency
and the quality factor (Q-factor) of the cantilever oscillations compared to their values in vacuum [3,15-17]. The change in the resonant
frequency and the Q-factor can be subsequently used to measure various thermophysical properties of the fluid such as its density and
viscosity [1,2,9,13,18-20] and also to determine the composition of a fluid mixture [4,5,7,14,21-23].

For practical applications of detection techniques that exploit oscillating microcantilevers, it is of utmost importance to quantify their
sensitivity and Limit of Detection (LOD), as these parameters directly determine the domain of usability of microcantilever-based analytical
devices. There have been a limited number of experimental and theoretical studies in the literature on the sensitivity of microcantilever-
based detection systems. For example, Zhao et al. [24] studied the effect of the geometry of a microcantilever on the sensitivity of density
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measurements and formulated an analytical expression for the sensitivity defined as the derivative of the cantilever resonant frequency
with respect to the density of the fluid. They showed that the sensitivity could be improved by decreasing the length and the width of the
microcantilever and also by using a higher-order resonant mode. They measured the resonant frequency of microcantilevers immersed
in n-pentane, n-hexane, n-heptane, n-octane, and cyclohexane with densities ranging from 621 to 774 kg/m3 and calculated the best
resolution of their density measurements as 0.057 kg/m?3 for a 1.9 mm long rectangular cantilever. Boudjiet et al. [7] also showed that
the sensitivity of fluid-density sensors based on uncoated microcantilevers can be improved by optimizing the device geometry. They
fabricated microcantilevers of different shapes (in particular, rectangular, U-shaped and T-shaped) and dimensions and measured the
concentration of H, in mixtures of H, and N, using cantilever resonant frequencies. They found that shorter and wider rectangular can-
tilevers exhibited better sensitivity to density changes and cantilever thickness did not affect the sensitivity. For 1% H, in the mixture,
the relative difference between the model and the measured resonant frequency was 0.3 to 25% for the studied cantilevers. Tetin et al.
[5] studied the shift in the resonant frequency of uncoated microcantilevers due to the changes in the density and viscosity of the sur-
rounding fluid. They measured the relative shift in the resonant frequency of an immersed microcantilever due to the addition of CO,
or He to N, and compared the experimentally obtained value of the shift with a theoretical model. They neglected the relatively small
effect of viscosity on the observed shift of the resonant frequency and reported the sensitivity and LOD of their microcantilever system.
Cox et al. [25] studied laterally vibrating microcantilevers immersed in water and aqueous glycerol solutions and measured the resonant
frequency, the Q-factor, and the mass sensitivity of the resonant frequency. The mass sensitivities and the Q-factors of microcantilevers
excited laterally were found to be higher than those of transversely excited microcantilevers, thus rendering laterally vibrating micro-
cantilevers more suitable for operation in high-viscosity media. Beardslee et al. [26] studied the resonant frequency and the Q-factor of
a cantilever immersed in water. They demonstrated that using the in-plane flexural mode reduces damping and mass loading due to the
surrounding fluid and showed that shorter, wider, and thinner cantilevers operated with in-plane flexural modes give the best sensing
characteristics. Furthermore, Loui et al. [27], Narducci et al. [28], Beardslee et al. [26] and Hocheng et al.[29] also suggested to optimize
the cantilever geometry in order to increase the sensitivity of density measurements. All of the above-discussed experimental and com-
putational studies of sensitivity of cantilever-based detection systems were carried out at a low pressure of the fluid surrounding the
cantilever (typically at the atmospheric pressure). In addition, in analyzing measurement sensitivity, these studies largely neglected the
effects of the changing fluid viscosity and they did not attempt to use the measured thermophysical properties of the fluid to determine
fluid’s composition.

In this article, we present a systematic study of the sensitivity of measurement of binary fluid mixtures’ composition based on the
measurement of frequency response of a microcantilever immersed in the fluid. To this end, we use a model system of ethanol-CO,
mixtures containing 0 - 0.04 wt fraction of ethanol at a pressure range between 10 MPa and 21 MPa and at 318 K. Such mixtures are
frequently encountered in many technological processes such as supercritical drying of aerogels or fabrication of Micro-Electro-Mechanical
Systems [30-33]. We define the sensitivities Sy, Sq of the compositional measurement as the derivatives of the cantilever resonant frequency
Jawia or the Q-factor Q with respect to the weight fraction of ethanol in the mixture, w (Sf = dffuig/dw, Sq = dQ/ dw), and derive analytical
expressions for the sensitivity from Sader’s model [16] that includes the effects of viscous forces. Using the model sensitivity and the
standard deviations of the resonant frequency and the Q-factor measured at given constant experimental conditions, we estimate LOD
of ethanol in ethanol-CO, mixtures. To the best of our knowledge, this work represents the first systematic study on the change in the
resonant frequency or the Q-factor of immersed cantilevers with the mixture composition that also includes the effect of viscous forces in
the sensitivity analysis.

2. Materials and methods
2.1. Materials

CO5, used in the experiments was supplied by Aligaz Messer with a purity of 99.9%. Ethanol was supplied by Sigma-Aldrich with a purity
0f 99.8%. Both CO, and ethanol were used as received.

2.2. Experimental procedure

Ferromagnetic cantilevers of different lengths made of nickel were produced using standard fabrication methods. The design and
fabrication process of the cantilevers were explained in detail in our previous study [3]. The cantilevers used in the present study had
nominal lengths of 150 wm and 200 wm, a nominal width of 20 wm, and a thickness of about 1 wm.

The experimental setup, which was described in detail in our previous studies [1,3], consisted of a high-pressure fluid vessel with
sapphire windows, a laser, a quadrant photodiode, a CCD camera, lenses, and additional electronic equipment used for the readout of the
cantilever frequency response. A schematic diagram of the experimental set-up is given in Fig. 1(a). Before the measurements, a die with
cantilevers was mounted in a Teflon housing containing an electromagnetic actuator - a coil made from copper wire - and the housing
was subsequently placed in a 50-mL cylindrical high-pressure vessel with two sapphire windows on each side (TharSFC 05424-4). These
windows allowed the monitoring of microcantilevers during the experiment and the measurement of their frequency response using laser
beam deflection. Electrical connection to the copper coil in the high-pressure vessel was sealed using insulated CONAX Technologies TG24
T-gland assemblies. Temperature of the fluid mixture in the high-pressure vessel was controlled by circulating water through plastic tubing
wrapped around the vessel, using a heating circulator with temperature control (LabO C200-H13). The temperature and the pressure in
the vessel were continuously monitored using a T-type thermocouple (TC) (Omega dp462) (accuracy + 1K) and a pressure transducer (PT)
(Omega P X 409-5.0KAUSBH) (accuracy +0.03 MPa), respectively.

Ethanol-CO, mixtures were prepared by successive transfer of ethanol and CO, to the high-pressure vessel. The amount of each fluid
transferred to the vessel was determined gravimetrically. First, the mass of the empty vessel was measured using a balance with an
accuracy of +£0.1 g. Then, a certain amount of liquid ethanol was placed into the vessel using a micropipette. The amount of added ethanol
was determined before the transfer into the vessel with a different balance with an accuracy of + 0.001 g. Subsequently, CO, was transferred
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Fig. 1. (a).Schematic drawing of the experimental setup used for measuring the frequency response of immersed microcantilevers. DM1, DM2-dichroic mirrors. (b) Schematic
drawing of the system used for sample-chamber pressurization. PT: pressure transducer, TC: thermocouple, V: valve.

Table 1

Measured values of fluid mass and calculated mixture compositions together with uncertainties in individual mass measurements and mixture compositions.
Measured value Experiment #1 Experiment #2 Experiment #3 Experiment #4 Experiment #5
Empty vessel mass (g) 2185.6+0.1 2185.6+0.1 2185.6+0.1 2185.6+0.1 2185.6+0.1
Ethanol mass (g) 0.791+£0.001 1.175+0.001 1.556 +£0.001 0.335+0.001 0.509+0.001
CO; mass (g) 384+0.1 38.0+0.1 37.5+0.1 38.7+0.1 38.5+0.1
Total mass (g) 2224.8+0.1 2224.8+0.1 2224.7+0.1 2224.7+0.1 2224.7+0.1
Ethanol weight fraction w 0.02017 +0.00007 0.02997 +£0.00011 0.03979+0.00014 0.00856 +0.00003 0.01301 +£0.00005

to the vessel using a TELEDYNE ISCO D Series syringe pump (see Fig. 1(b) for illustration) and the mass of the vessel with both fluids was
again measured using the balance with an accuracy of + 0.1 g. Finally, the masses of the empty vessel and ethanol were subtracted from
the total mass of the filled vessel to determine the amount of CO, placed into the vessel. Measured fluid masses and calculated mixture
compositions specified in terms of the weight fraction of ethanol in the mixture, w, together with their respective uncertainties, are given

in Table 1.
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During the measurements, the cantilevers were actuated with a time-varying magnetic field produced by the coil driven by a sinusoidal
voltage that was generated by a function generator (Agilent 33220 A) and subsequently amplified by a factor of 50 using a high-voltage
amplifier (Falco Systems WMA-300; see Fig. 1(a) for illustration). The frequency and amplitude of the driving sinusoidal signal were
computer-controlled using Instrument Control Toolbox in Matlab. The deflections of the vibrating cantilever were detected by an atomic
force microscopy-like scheme. A near-infrared laser beam (wavelength 780 nm, maximal power 4.5 mW; CPS 192, Thorlabs) was trans-
formed with a 1:1 telescope consisting of two identical lenses (f=30mm) and then focused on the cantilever surface with an objective.
The telescope enabled changing the axial position of the laser beam focus with respect to the cantilever surface and, thus, optimizing
the cantilever deflection signal for different studied fluids. The beam reflected from the oscillating cantilever was collected by the same
objective lens and then focused on a quadrant photodiode (QPD). QPD is sensitive to the position of the beam spot within its surface and
can be used to record the changes of the propagation direction of the reflected beam due to cantilever deflection. In order to improve the
signal-to-noise ratio, the deflection signal was sent to a lock-in-amplifier (SR530, Stanford Research Systems) together with the reference
signal from the function generator. The output of the lock-in amplifier represented by the amplitude of the deflection signal and its phase
shift with respect to the driving signal was digitized with a data acquisition card (USB-6008, National Instruments) controlled using Matlab
programming environment.

In the beginning of each set of measurements with a given fixed mixture composition, the vessel was filled with the desired amount of
ethanol and then charged with CO, to a pressure ranging between 21 MPa and 22 MPa. The temperature of the vessel was then adjusted
to the desired value using the heating circulator. Frequency response measurements were performed when the pressure and temperature
became stable, typically 3-5 hours after starting the heating circulator. The measurements of the cantilever frequency response were
performed starting from the highest pressure and then gradually decreasing the pressure for the successive measurements in the set. For
all measurements reported in this article, the temperature of the vessel was kept at 318 K and after each pressure change, we waited for
approximately 5 min before starting the next measurement to ensure thermal equilibrium was restored in the vessel. At each pressure,
the driving frequency of the function generator was adjusted over a range of 16 kHz for 150 wm long cantilever and 12 kHz for 200 pm
long cantilever, with the central frequency of the studied spectral band equal to the cantilever resonant frequency. The amplitude of the
driving sinusoidal signal before 50-times amplification was set to 2 V peak-to-peak and the cantilever response was then recorded at 400
equidistant points within the above described spectral band. Subsequently, the dissipation-free cantilever resonant frequency, fg,i4, and the
Q-factor, Q, were determined by fitting the measured frequency response A (w) to the equation describing the oscillating elastic cantilever
beam as a simple damped harmonic oscillator [16]:

A04n2f;‘72uid

2 w2472f2
\/ (wz _ 4n2f}]2uid> + Tﬂwd

where Ag is the zero-frequency amplitude of the response and w = 27f is the angular driving frequency. At each pressure, three consecutive
measurements of the cantilever frequency response were carried out and the averages of the three resonant frequencies and Q-factors
were reported. For the measurements on 150-pwm-long cantilevers, the average relative standard deviations of the resonant frequency and
the Q-factor over the whole studied pressure range were 0.04% and 1.12%, respectively, while the maximum relative standard deviations
were 0.32% and 3.94%, respectively. For the 200-p.m-long cantilever, the average relative standard deviations of the resonant frequency
and the Q-factor were 0.05% and 0.89%, respectively, and the maximum relative standard deviations were 0.21% and 3.14%, respectively.

Alw) =

(1)

3. Results and discussions

As stated in the introduction, sensitivity Sy of the cantilever resonant frequency fg,;q to changes in the weight fraction of ethanol in the
mixture w can be defined as the derivative of fg,;4 with respect to w. Similarly, sensitivity Sq of the cantilever Q-factor Q to changes in w
is given by the derivative of Q with respect to w. Below, we derive analytical expressions for Sy and Sq on the basis of Sader’s model of
hydrodynamic interactions [16]. The starting equations of Sader’s model for f,iq and Q in Maali’s analytical approximation [34] are given
by:

npb ( 3.7997)} -1/2
id = foac |1+ 1.0553 + 2
fﬂmd fvac{ 4Pcf m ( )

Apct 3.7997
b T (1.0553+ m)

Q= 3.8018 | 2.7364 (3)
/2Re 2Re

where f,q is the resonant frequency of the cantilever in vacuum, b is the cantilever width, p. is the cantilever density, t is the cantilever
2 iapb?

7Tff}+’p). Eq. (2) represents the
definition of f,;q as an implicit function of the fluid parameters p, u that themselves depend on the mixture composition w. The derivative

of fguiq With respect to w can be obtained using the implicit function theorem and applying the chain rule (see the details of the derivation
in Appendix A) as:

thickness, p is the mixture density, u is the mixture viscosity and Re is the Reynolds number ( Re =

sm dfﬂuid . 1 L d_ 1.05537bfyac = 3.79971bfyac @ _ M al (4)
! w fue | _ 379977 pbfuac 8pct 16pctvV2Re ) dw 16pctiv/2Re ) Ow
Spuia 16fgi4Pct/2Re

where the subscript and superscript m stand for “model”.
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Fig. 3. Change of fluid viscosity with pressure for ethanol-CO, mixtures with various compositions at 318 K. Data adopted from Tilly et al. [35], additional data points were
determined by cubic-spline interpolation (see text for details).

Eq. (4) is the model - or theoretical - expression for the sensitivity S}" ; it shows that ST is a complex function of the density and
viscosity of the mixture, as well as cantilever length, width, thickness and cantilever density. In order to evaluate S}" for a given experi-

mental condition (pressure, temperature, and composition of the mixture), partial derivatives % and % must be determined from the
dependence of density and viscosity on the mixture’s composition. There are no accurate methods and correlations for estimation of
the density and viscosity of fluid mixtures at high pressures. Moreover, there are only very limited experimental data available for the
density and viscosity of ethanol-CO, mixtures at high pressures in the literature. Viscosity and density of such mixtures containing 2,
3, and 4 mol % of ethanol were measured and reported by Tilly et al. at 318 K and 328 K and a pressure range from 9.48 MPa to 21.8 MPa
[35]. We used the data of Tilly et al. [35] recorded at 318 K and applied cubic-spline interpolation to obtain additional values of mixtures’

density and viscosity for our particular conditions. Figs. 2 and 3 show how the density and viscosity change with pressure. In order to

determine the values of compositional derivatives (g—x) and (gTI;) at 318K and a particular pressure, we used the data in Figs. 2 and 3

together with the data for pure CO, (w = 0) obtained from the NIST database [36]. The density and viscosity of the fluid were plotted as
functions of the ethanol weight fraction w, as shown in Figs. 4 and 5, respectively. Subsequently, for each individual studied pressure,

we fitted p and p linearly with w and calculated the compositional derivatives (gf/) and (g—x) from the slopes of the fitted lines at

each studied pressure. The values of (%) and (%) obtained at different pressures are presented in Table 2. As shown in Fig. 5, at a
constant pressure and temperature, the viscosity of ethanol-CO, mixtures increases with increasing ethanol weight fraction in the mix-
ture. This is a direct consequence of pure ethanol having a higher viscosity than pure CO, at the given experimental conditions. It also

follows from Fig. 5 that at a constant ethanol weight fraction, w, the viscosity of the mixture increases with pressure. This increase in
viscosity is primarily related to the increase of density of ethanol—CO, mixtures with increasing pressure (see Fig. 2). At higher densities,
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the molecules in the mixture become more closely packed and this reduced intermolecular spacing then causes the viscosity to increase
[35].

A procedure analogous to that used in deriving Eq. (4) for S}“ was used to find the composition sensitivity 5{2" of the cantilever Q-factor
from model Eq. (3). The derivative of Q with respect to w (see the details of the derivation in Appendix B) is given as:

o _ (dQ) ~ 1 § (3.8018Q L 273640 3.7997) 1 1
e \dw/m (348018 2.7364) 2+/2Re 2Re 2V2Re/ | P fe \2 3.799770b
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Table 2
Derivatives of density and viscosity with respect to the weight fraction of ethanol in the mixture at different fluid pressures and at 318 K. Estimated values of the derivatives
are based on the data adopted from [35] and [36].

Pressure (MPa) (g—x) (kg.m’3) (g—“;) (pPa.s)
10.80 2149.16 27034
12.26 1384.50 207.06
13.62 1055.87 173.43
15.62 788.25 177.79
17.86 604.98 139.82
20.04 445.44 145.59
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Fig. 6. Variation of the cantilever resonant frequency, fy,;4, With ethanol weight fraction, w, at 318 K and different pressures. Microcantilever length: 150 pum.
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Fig. 7. Variation of the cantilever Q-factor, Q, with ethanol weight fraction, w, at 318 K and different pressures. Microcantilever length: 150 pm.

The sensitivity, Sg, depends on the cantilever parameters fy.c, poct, b, cantilever Q-factor, and density and viscosity of the mixture. In

addition, the derivatives of density and viscosity with respect to the weight fraction of ethanol in the mixture, (%@) , (%) , are needed

to evaluate S™ at a given experimental condition (pressure, temperature, and composition of the mixture).

In order to characterize the performance of our cantilever-based sensors and determine the model sensitivity of composition mea-
surement, the resonant frequencies f,;q and the Q-factors Q of uncoated microcantilevers of two different lengths (150 wm and 200 p.m)
immersed in ethanol-CO, mixtures within the composition range w = 0 — 0.04 were measured at 318 K and pressures varying between
10 MPato 21 MPa. As could be already inferred from model Egs. (2) and (3), in connection with the compositional dependence of the mixture
density and viscosity illustrated by Figs. 4 and 5, the values of fg,;; and Q were observed to change monotonically with w at a particular
temperature and pressure. The measured values of fp,;q and Q for the two studied cantilevers as a function of w are presented in Figs. 6-9.
Using these values, the model sensitivities S}“ and Sg can be calculated at the particular experimental conditions. For completeness, we
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Table 3
Cantilever parameters for the studied microcantilevers of length 150 um and 200 pm.
Cantilever parameters Cantilever length 150 wm Cantilever length 200 pwm
pet(kg/m?) 0.01375 0.01540
frac (Hz) 56162 32206
b (pm) 22.66 21.21

also illustrate the change in the cantilever resonant frequency and Q-factor with pressure for different w and the two studied cantilever
lengths in Figs. S1-S4 provided in “Supplementary material”.

In order to calculate the model sensitivities S}" and Sg at a particular temperature and pressure, the cantilever-related parameters
(fvac, pct, b) are also required, in addition to the estimates of composition derivatives of mixture density and viscosity provided in Table 2.
The necessary cantilever characteristics were obtained using the technique described in our previous study [2]. Briefly, (fyac, oct, b) were
regressed from the resonant frequency and Q-factor data recorded with cantilevers immersed in pure CO, at a temperature of 318 K and
pressure range between 1 MPa and 21 MPa. In particular, the values of (fyac, oct, b) were obtained by minimizing the objective function F
(Eq. (6)), using the experimental values of the cantilever resonant frequency, fg,;4 ; and Q-factor, Q; measured in pure CO; and the density

and viscosity of CO; at the given experimental pressure and temperature determined from the NIST Chemistry webbook [36]:

b 5 -172\ 2 40¢t +(1.0553 +3.7997 W)
T uid, i
F=) fpuiai — fuac [1 + 2= (1.0553+3.7997 hf”}ﬂ)] +[a- (6)
- Pc P27 fuid, i 38018 27”2 n 2.736427“2
P27f g b p21f g ib

Here, the summation index i runs over all experimental values of fg,iq ; and Q; recorded for pure CO, at varying pressures. The resulting
cantilever parameters are given in Table 3 for the microcantilevers of the length of 150 wm and 200 pwm.
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Table 4
Contribution of the density and viscous terms to the model sensitivity S}"(w = 0.04) (Hz) for the microcantilevers of length 150 wm.

Pressure (MPa) *Density term (DT) **Viscous term (VT) S}”(W =0.04) ***VTC contribution to model sensitivity (%)
10.80 —29474.00 —2781.20 —32255.20 8.62
12.26 -17628.00 —-1964.00 —19592.00 10.02
13.62 —12931.00 -1575.90 —14506.90 10.86
15.62 -9318.70 —1525.90 —10844.60 14.07
17.86 —6932.90 -1158.50 —8091.40 14.32
20.04 —4989.70 -1159.00 -6148.70 18.85
* : _ 1 1.05537bfyac 3.79977bfyac | Ip.
Density term (DT) = (( Juac )3 3.7997mpbfvac_ ( 8pct 16pct/2Re )aw}'
Juid © ~ 16fgyiqpct/2Re
Vi _ 1 3.79977bf yacp | D
Viscous term (VT) = foac \?_ 3.79977pbfvac ) x lﬁ;lx)ct\TRCe )Bw}'
Tuid 16fiq Pctv2Re
Viscous term contribution (VTC) = ¥t

Table 5
Contribution of the density and viscous terms to the model sensitivity S}"(w = 0.04) (Hz) for the microcantilevers of length 200 pm.

Pressure (MPa) *Density term (DT) **Viscous term (VT) S}“(w =0.04) ***VTC contribution to model sensitivity (%)
10.80 —15319.00 —1973.20 —17292.20 11.41
12.26 -9182.40 —1395.30 -10577.70 13.19
13.62 —-6744.20 -1120.40 —7864.60 14.25
15.62 —4846.70 —1081.70 —5928.40 18.25
17.86 —3593.30 —-818.59 —-4411.89 18.55
20.04 —2603.00 —823.04 —3426.04 24.02
Table 6

Model sensitivity S}" (Hz) calculated using Eq. (4) for the microcantilever of length 150 pm.

Pressure (MPa) Sf'(w =0.04) Sf'(w =0.03) Sf'(w =0.02) S (w=0)
10.80 —-32255.20 -33683.50 —-36220.40 —39032.50
12.26 —-19592.00 —-20414.80 -21664.00 —22732.00
13.62 —-14506.90 —-15044.50 —15944.60 —16526.30
15.62 —10844.60 -11133.10 —11843.00 —12205.70
17.86 —-8091.40 —-8299.30 —-8743.10 —8967.60
20.04 —6148.70 —-6284.20 —6629.20 —6794.60
Table 7

Model sensitivity Sg calculated using Eq. (5) for the microcantilever of length 150 pm.

Pressure (MPa) Sg’(w =0.04) Sg(w =0.03) Sg’(w =0.02) Sg‘(w =0)
10.80 —44.70 —48.46 -54.73 —69.58
12.26 -26.96 —29.64 -33.04 —38.43
13.62 -19.92 -21.04 -23.95 —26.98
15.62 -17.20 —18.32 -20.74 -23.16
17.86 —-12.28 —-12.91 -14.20 —15.83
20.04 -11.36 -11.96 -13.65 —14.52

Model sensitivities S}” and Sg defined by Egs. (4) and (5) consist of a density term (DT) formed by the compositional derivative of density

ng/ with its pre-factor and a viscous term (VT) given by the compositional derivative of viscosity I \with its pre-factor. Tables 4 and 5
summarize the contribution of DT and VT to the sensitivity S}” calculated using Eq. (4) for ethanol weight fraction w = 0.04 and micro-
cantilevers of 150 wm and 200 pm lengths, respectively. Evaluation of Eq. (4) for our particular cantilever and fluid characteristics at the
studied fluid temperature and pressure shows that VT contributes ~8 to 19% to the value of S}" of the 150 wm long cantilever and ~11
to 24% to the value of S}“ of the 200 pm long cantilever. In both cases, the viscous-term contribution is significant and its importance
further increases with increasing fluid pressure. Therefore, VT should not be neglected in the analysis of the compositional sensitivity of
cantilever-based measurements, especially when they are carried out with high-pressure fluid mixtures. The same conclusions can be
drawn for other studied ethanol weight fractions w = 0, 0.02 and 0.03 (data not shown). A similar analysis can be carried out for the model
sensitivity S defined by Eq. (5). In this case, the contribution of VT is dominant in the overall value of S™', which results from the strong
dependence of the Q-factor on the dissipation in the fluid and, thus, the fluid viscosity. In particular, over the studied pressure range, VT
contributes ~81 to 92% to the value of ST for the 150 wm long cantilever and ~77 to 91% to the value of S7' for the 200 wm long cantilever.

Tables 6-9 summarize the sensitivities S}" and Sg calculated for ethanol weight fractions of 0.04, 0.03, 0.02, and O using the data
summarized in Tables 2 and 3 and Figs. 4-9. From Tables 6-9, it is evident that at a given pressure, temperature, and composition,
microcantilevers of length 150 pm exhibit higher values of Si* and S in comparison to microcantilevers of length 200 wm. This higher
sensitivity of shorter cantilevers is a direct consequence of their higher resonant frequency and higher Q-factor. For both cantilever lengths,
the sensitivity values decrease with increasing pressure; this is caused by a monotonic increase of the density and viscosity of the fluid
mixture with increasing pressure, which subsequently leads to the reduction of fg,;s and Q. At a particular temperature and pressure,
sensitivity values change with composition in a nonlinear fashion, following the nonlinear dependence of fg,;s and Q on the ethanol
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Model sensitivity S}" (Hz) calculated using Eq. (4) for the microcantilever of length 200 pwm.

Pressure (MPa) SF(W =0.04) Sf’"(w =0.03) Sf'”(w =0.02) Sf"’(w =0)
10.80 —-17292.20 —18166.40 —19819.90 —21734.40
12.26 -10577.70 -11102.00 —12018.30 —12759.00
13.62 —7864.60 —8218.30 —8872.30 —-9319.90
15.62 —-5928.40 —6208.00 —6658.50 —6944.80
17.86 —4411.89 —4629.44 —4946.85 —5148.16
20.04 —3426.04 —3578.66 —3818.53 —3959.43
Table 9
Model sensitivity Sa' calculated using Eq. (5) for the microcantilever of length 200 wm.
Pressure (MPa) Sg’(w =0.04) SE(W =0.03) Sg’(w =0.02) Sg(w =0)
10.80 —35.85 —39.03 —44.62 —-57.59
12.26 -21.84 —23.63 —26.56 -31.01
13.62 -16.16 —-16.94 —18.85 —-21.93
15.62 -13.66 —14.63 -16.13 —18.25
17.86 -9.82 -10.36 -11.26 —-12.69
20.04 -9.02 -9.66 -10.54 —-11.64
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Fig. 10. Illustration of determination of the Limit of Detection (LOD).

concentration in the mixture, w. In general, both S}“ and Sg - or more precisely, their absolute values - increase with decreasing w.
This trend then implies a better resolution of composition measurements carried out in low-concentration mixtures and it has a direct
consequence for the achievable limit of detection of cantilever-based sensing.

Limit of Detection (LOD) is the lowest quantity of an analyte that can be distinguished from the blank sample value with a sufficient
confidence. In our case, LOD is the smallest ethanol weight fraction in the mixture that can be unambiguously detected. In the literature,
different methods can be found to estimate the LOD depending on the complexity of the data obtained from the analytical system and the
relationship between the experimentally measured parameter and the actual quantity of interest [37-49]. Two of these approaches for
LOD estimation are illustrated in Fig. 10. For the sake of brevity, let us consider only the compositional measurements based on recording
the cantilever resonant frequency fg,iq ; LOD estimation from the Q-factor measurements can be carried out in an analogous manner. The
most rigorous method makes direct use of the known functional relationship between fg,;q and the mixture composition w. This non-linear
function fayiq = fruia(w) can be derived using Sader’s model Eq. (2), in combination with the reference data [35] on the density and viscosity
of ethanol-CO, mixtures, and it is schematically illustrated by the solid red curve shown in Fig. 10. From the repeated measurements carried
out with pure CO,, we know the values of fg,;4(w = 0) and also the standard deviations of the measurements of fg,;q at w = 0, of(w = 0)
that quantify the precision with which fg,;g can be measured. Assuming we can distinguish with confidence greater than 99.6% the values
of fauiq that are separated by +30y, we can calculate the resonant frequency fg,ig (W = wiop) for the minimum detectable weight fraction
of ethanol wigp as:

Sfruia (W =Wiop) = [fuia (W = 0) = 30p(w = 0)] (7

Subsequently, we can use the known functional relationship faiq = fuia(w) to find the actual value of wigp corresponding to
Jawid (W = wiop); wiop is then precisely equal to the true LOD indicated as LODy, in Fig. 10. Alternatively, we can approximate the nonlinear
function faiq = ffuie(w) in a small neighborhood of the point w = 0 with a line, following the approach based on IUPAC recommendation
[50] and discussed in detail by Ramos et al. [37]. This linear approximation is illustrated in Fig. 10 by the dashed line which forms a tangent



S.K. Baloch et al. / Sensors and Actuators A 278 (2018) 111-126 121

Table 10
Limit of detection LODy of microcantilever-based measurements at 318 K and different pressures. (a) Microcantilever length: 150 um and (b) Microcantilever length: 200 pwm.

(@)

Pressure (MPa) 10.80 12.26 13.62 15.62 17.86 20.04
Standard deviation oy (Hz) 11.58 11.21 17.44 12.35 6.35 16.14
Sf’”(w =0) —39032.50 —22732.00 -16526.30 —12205.70 —8967.60 —6794.60
LODy (ethanol wt fraction) 0.0009 0.0015 0.0032 0.0030 0.0021 0.0071
(b)
Pressure (MPa) 10.80 12.26 13.62 15.62 17.86 20.04
Standard deviation oy (Hz) 13.24 20.86 13.42 21.85 12.17 16.00
S}”(w =0) -21734.40 —12759.00 -9319.90 —6944.80 -5148.16 —3959.43
LODy (ethanol wt fraction) 0.0018 0.0049 0.0043 0.0094 0.0071 0.0121
Table 11

Limit of detection LOD of microcantilever-based measurements at 318 Kand different pressures. (a) Microcantilever length: 150 wm and (b) Microcantilever length: 200 m.

(@)

Pressure (MPa) 10.80 12.26 13.62 15.62 17.86 20.04
Standard deviation o 0.10 0.13 0.15 0.11 0.11 0.10
Sgw =0) —69.58 -38.43 —26.98 —23.16 -15.83 —14.52
LODq (ethanol wt fraction) 0.0043 0.0101 0.0172 0.0147 0.0206 0.0215
(b)

Pressure (MPa) 10.80 12.26 13.62 15.62 17.86 20.04
Standard deviation o 0.19 0.02 0.10 0.12 0.13 0.08
Sg(w=0) —57.59 -31.01 -21.93 -18.25 -12.69 -11.64
LOD, (ethanol wt fraction) 0.0100 0.0019 0.0135 0.0201 0.0298 0.0213

to the graph of fy,iq = fauia(w) at = 0, with a slope S that corresponds to the sensitivity dff,;q/dw evaluated at w = 0. Within the linear
approximation, the LOD can be estimated as:

LOD= 42 (8)

Here, oy, is the standard deviation of the blank (sample with w = 0) and kg is a number that is chosen according to the desired confidence
level. As mentioned above, kq =3 implies 99.6% confidence level and it is strongly recommended. Consequently, in our particular case, LOD
can be defined as:

Lopy = — T 9

/= Sw =0) )
30’Q

L0Dq = i (10)

where oy and o are the standard deviations of the resonant frequency and the Q-factor of the cantilevers measured in pure CO, (w = 0)
and the values of S}"(w =0) and SJ(w = 0) are obtained using Eqs. (4) and (5). For the purpose of calculating LOD, absolute values of
sensitivities are used.

Tables 10 and 11 summarize the numerical values of LOD; and LODg calculated from Eqs. (9) and (10) using the standard deviations
of the resonant frequency and the Q-factor of microcantilevers immersed in pure CO, at different pressures. For the purpose of LOD
calculations, the values of S{'(w = 0) and Sg'(w = 0) for the 150 wm and 200 p.m long microcantilevers were taken from Tables 6-9. The
comparison of Tables 10(a) and 11(a) shows that the minimum detectable weight fraction of ethanol determined from the measurement
of fauig and Q at the pressure of 10.8 MPa with the 150 pm long cantilever was 0.0009 and 0.0043, respectively. Similarly, for the 200 pm
long cantilever at the same pressure, the minimum detectable ethanol weight fraction determined from the measurement of fg,;4 and Q
was 0.0018 and 0.0100, respectively (compare Tables 10(b) and 11(b)). A similar relationship between LOD; and LOD, was observed at all
studied pressures.

From the above comparison of the values of LODy and LODyg, it is clear that the resonant frequency is a more sensitive indicator for
measuring the mixture composition at an arbitrary fluid pressure. Thus, the model sensitivity S}” given by Eq. (4) can be used to find the
true LOD of ethanol in ethanol-CO, mixtures. Since LOD also depends on the standard deviation of the measurements of fg,;4, the stability
of the resonant frequency during the measurement and the precision of its determination are important. The LOD analysis shows that the
shorter 150 wm cantilever has a higher measurement sensitivity and, hence, a lower achievable LOD. Therefore, short-length cantilevers
are suggested for high-resolution micro-sensing of the composition of fluid mixtures.

4. Conclusion

We have studied the sensitivity of cantilever-based measurement of composition of ethanol—-CO, mixtures at 318 K and pressure range
between 10 MPa to 21 MPa. To this end, we have derived analytical expressions quantifying the change in the resonant frequency and
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the Q-factor of an immersed cantilever with the ethanol weight fraction in the mixture. We have calculated the effect of viscous term on
the sensitivity of compositional measurements and shown that its contribution is significant and cannot be neglected in the analysis. In
general, the importance of viscous term is higher at higher pressures. Using our model sensitivity formulas and the standard deviations
of the resonant frequency and the Q-factor determined from repeated measurements of the cantilever frequency response at a particular
condition, we have estimated the minimum weight fractions of ethanol LOD; and LODq that can be detected in ethanol-CO, mixtures at
various pressures. We have demonstrated that the cantilever resonant frequency is a more sensitive indicator of the composition of fluid
mixtures as compared to the Q-factor. In particular, the minimum weight fraction of ethanol that can be detected with the current setup
with a 150 wm long cantilever is between 0.0009 and 0.0071 in the pressure range of 10 MPa to 21 MPa.

Our study represents the first attempt to derive rigorous analytical expressions which relate the change in the cantilever resonant
frequency and Q-factor to the mixture composition. We have used ethanol—-CO, mixtures as the model fluid to analyze the sensitivity of
microcantilever-based compositional measurements; however, our method can be readily extended to other fluid mixtures. Thus, it can
find possible applications in technological processes ranging from the synthesis of nanostructured materials to the fabrication of various
functional microdevices.
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Appendix A. Derivation of formula for the sensitivity Sy = (%)

Using Sader’s model [16] of cantilever oscillations in a viscous fluid combined with Maali’s analytical approximation [34], the cantilever
resonant frequency fg,i4 is given as:

“1/2
wpb 2/
id = 1 1.0553+3.7997, | ———— Al
Juid fvac|: + 4)0ct< + ,027Tfﬂuidb2):| (A1)

Eq. (A1) defines fp,q as an implicit function of the fluid parameters p, u that themselves depend on the mixture composition w. Let us
introduce formally an implicit function h (fauia, o, 1t) as:

-1/2
b 0) 21
h i = ffuid — 1+ — (1.0553+3.7997, | ——— =0 A2
(fﬂwdv P, N) fﬂuld fvac |: + 4pct ( + Pznf]‘]uidbz):| (A2)
The total differential of h (fﬂu,-d, 0, /L) with respect to its variables then has the form

oh oh dh
dh= —dp+ —du+ ——dfguig =0 A3
oo o™ ffuid id (A3)

The derivative of h  fyig, o, 1) With respect to p reads as:

-3/2
Oh  fuac {1 L 7pb (100553”.7997 24 ﬂ [1.05537rb | 3.7997b m (Ad)

2 apct P27 fuiab? 4pct 8pct \ p27fauiab?
Using Eq. (A1), expression (A4) can be further simplified as:

Oh _ fuac (fﬂuid>3 (1.0553nb L 3799770 [ 2 ) s,
dap 2\ foac 4pct 8pct pznfﬂuidbz
The derivative of h (fyyiq, o, i) With respect to 4 reads as:
O _ fuac {1 4 Zeb <1 0553 +3.7997, | 2" )}_3/2 (3'7997””1/ 2 ) (A6)
o~ 2 4pct \ ' P27tfpiab? 8pctym \| p27fpuiab? )’
which, after further simplification using Eq. (A1), transforms to:

B fuac (fruia\” (3.79977bp 2 o
o 2 \ fac 8pct P27 g

Finally, taking the derivative of h (fya, 0, f¢) with respect to fgiq, we obtain:

_3,2
on :1+f”“[1+ o (1.0553+3.7997 Z’*ZH _ 37997 \/72 : (A8)
Mfuia 2 4pct 027 fuiab 8ffuia/fuiap t VP27

which can be again simplified to

Oh . fuc (fuia” (3.799770b [~ 2 (A9)
8fﬂu,*d 2 fvac Sfﬁuidpct pznfﬂuidb2
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Inserting Eqs. (A5), (A7), and (A9) into formula (A3) then gives:
dh — foac fuia ’ 1.05537b N 3.79977b 2 dp+ foac Stuid ’ 3.7997xbp 2 du
-2 Jvac 4pct 80ct f’)zrffﬂuidb2 2 Jvac 8pct pMZT(fﬂuidbz
3
fyac fﬂuld 379977pr ZM
+ dffuig =0 Al10
( fuac 8f}'luidpct szfﬂuide fﬂLlld ( )

Upon substituting for the Reynolds number Re = (anﬂuid pbz) / (4p) and expressing the differential dfy,;4 as a function of differentials
dp, du, Eq. (A10) is transformed into

3
fvac 3.7997 71 pbfyac _
- | dfia =
fﬂuid 1 6fﬂuidetV 2Re

_ [ 1.05537hbfyac | 3.79977bfyac do 3.79977b of yac
8pct 16pctv/2Re 16pctp~/2Re

By applying the chain rule, we can introduce the derivatives of individual parameters ( Suid» 05 /L) with respect to the ethanol weight
fraction (mixture composition) w

(A11)

3
fvac 3 3.79977 pbfyac Afig = — 1.05537bfyac . 3.7997bfyac @dw— 3.79977b pfyac aidw (A12)
Fuid 16fpuigpctv2Re | 8pct 16ctv2Re 16pctiiv/2Re
or
3
foac \~ _ 3.79977pbfvac \ dfjuia _ 1.05537bfvac , 3.7997Tbfiac dp  (3.79977bpfac \ I (A13)
Juid 16fguigpctv/2Re | dw 8pct 16pctv/2Re 16pctuv/2Re
Final rearrangement of formula (A13) gives the sensitivity Sf:
- dfpia 1 | (1.05537bfuac |, 3.79977bfvac dp  (3.79977bpfuac | In (A14)
T Tdw 3 8pct 160ctv/2R 16pctiv/2Re
foae. ) _ 3.79977pbfyac c Pc e Pctitv 2Re
Shwia 16ffyigpctv/2Re

Appendix B. Derivation of formula for the sensitivity Sq = ( de )

Sader’s model [16] equation for the cantilever Q-factor Q in Maali’s analytical approximation [34] is given by:

4pct
ot | (1 0553 +3.7997 /W>

Q= (B1)
3.8018 /pm, o+ 2. 7364/)27%7@2

Eq. (B1) defines Q as a function of the fluid parameters p and (, and the cantilever resonant frequency f ;4. Following the same approach
as used in deriving the sensitivity S, let us introduce an implicit function g (Q, Sauid> P u) :

2u 2u 4pct 2u
g=Qx38018,/ ————~ + Q x2.7364 ————— — —— — | 1.0553+3.7997, /| ———— | =0 (B2)
P27fyiab? P271fpigb®>  7ob ( P27 fpyigh? >
with the total differential
0g Jdg g g
d —=dQ + ——d + —=dp+ +=>d 0 B3
g = 8Q Q af ouid f}luzd 8,0 14 8 n = ( )

Evaluation of the partial derivatives gé 3f‘9g , g—i and dg which appear in Eq. (B3) leads to:
id

20 2 3.8018Q | 21 21Q 3.7997 2
3.8018, | ————=+2.7364———— | dQ+ | — — 2.7364 + dffuid
( P27 fyigh? P27ffyigb? > ( 2ffuia \ 027fquiab? P27 fig’b?  2fuia \ P27fpuiab? T
3.8018Q 2% 2010 4ot 3.7997 2
+ (- — 2.7364 + + d
( 20\ p2nfpuiab? P22mfud? " wptb T 2p \| p2nfpaab? ) 7

3.8018Q 2 2Q 3.7997 2
4 N +2.7364 _ N dy =0 (B4)
( 2 P27 fuiab? 027fyiab? 2 PMZ”fﬂuidb2>
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Substituting for the Reynolds number Re = (anﬂuidpb2) /(4wr) and rearranging the terms so that dQ is expressed as a function of
Affia> dp, du leads to:

2fpiav2Re  2fuiaRe  2fyiv/2Re 20vV2Re = 2pRe  mp?b  2p.2Re

B 3.8018Q 4 2.7364Q B 3.7997
2u~/2Re 2[4Re 21u+/2Re

(3.8018+ 2.7364)dQ_ 380180 | 273640 _ 37997 .. . (380180  27364Q _ 4pct _ 37997
J2Re 2Re - fuuid

(B5)

In order to evaluate the changes of the Q-factor Q with changing mixture composition w, we can apply the chain rule:

(3.8018+2.7364)d _ (38018Q | 27364Q  3.7997 fuid
V2Re 2Re ~ \ 2fuigv2Re  2fmiaRe  2fp,;4v/2Re ) 0w

N <3.80]8Q L 27364Q  dpct 3.7997> apdw_ <3.8018Q 2.7364Q  3.7997 > I

- - — - ——dw
2pv/2Re 2pRe wp?b  2pv2Re ) ow 2uv/2Re  2uRe 2u~/2Re ) ow
(B6)
which subsequently leads to:
(3.8018 N 2.7364) dQ [ 3.8018Q N 2.7364Q  3.7997 ffuuia
V2Re 2Re ) dw  \ 2fgqv2Re  2fmiaRe  2fp,4v/2Re ) 0w
N 3.8018Q N 2.7364Q  4pct  3.7997 @7 3.8018Q | 2.7364Q  3.7997 87/¢ (B7)
20+v2Re 2pRe 7p2b  2pv/2Re ) Iw 21v/2Re 2iRe 2u+/2Re | ow
Substituting for E)fﬂu,»d /0w from Eq. (A14) transforms formula (B7) to
(3.8018 N 2.7364) dQ [ 3.8018Q N 2.7364Q  3.7997
+v/2Re 2Re dw — zfﬂuid\/ 2Re 2fﬂuidRe z_f}]u,‘d\/ 2Re
~ 1 5 <1.05537bevac 3.7997nbfvac> dp
Jvac )3 - 3‘4799771'/017]‘,,“ 8pct 16)05[ vV2Re 8W
Shuia 16ffyigpctv/2Re
~ 1 5 (3.7997nbpfyac) I
Jvac 3 _ 3.79977 pbfvac ]6pctl'l“ 2Re aW
Suid 16fyigpct~/'2Re
N 3.8018Q N 2.7364Q  4pct  3.7997 @_ 3.8018Q N 2.7364Q  3.7997 ai (BS)
2p+/2Re 2pRe mp?b  2pv2Re ) Ow 21v/2Re 2[4Re 2u+v/2Re | dw

In the next step, we can isolate the Q-factor compositional derivative dQ/dw and collect together all the terms that determine the
dependence of dQ/dw on the derivative of the fluid density dp/dw and the derivative of the fluid viscosity du /dw:

+
2+/2Re 2Re 2+/2Re

dQ 1 (3.8018Q 2.7364Q 3.7997) 1 1 1

G = T o X - - X 3
w (3.8018 N 2.7364) P fauid fae \> 379977 pbfiac
Sruia 16ffuiapctv'2Re

V2Re 2Re

(1.0553nbf,,ac 3.799771bfm>> 4pct] dp
* + - ow

8pct 16pctv/2Re 7p2b | ow

+
2+/2Re 2Re 2+/2Re

B (3.8018Q 2.7364Q 3.7997) 1 1 1
uw

3.79977b of sac ) I\ o)

+ — X X —
fﬂuid foac 3 _ 3.79977pbfac ( 16pctﬂv 2Re ow
Siuid 16fyiq Pctv/2Re

Final rearrangement of formula (B9) for dQ/dw then gives the full model equation for the compositional sensitivity of the cantilever Q-factor
SQZ
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S, = d_Q _ 1 , (3.8018Q . 2.7364Q 3.7997) 1 1
CTdw ~ (308 4 27364 2+v2Re 2Re 2V2Re/ | P fae \> 3.799770b
vike T 2Re <fﬂuid) ~ 16pctv2Re
. 1.05537b N 3.79977b _Apct @
8pct 16pctv/2Re 7p?b | ow
B (3.8018(2 N 2.7364Q 3.7997) 1 N 1 N 3.7997nbp 8_,LL (B10)
2V/2Re 2Re 2V2Re/ | 1 e \2 379970 16ctj1v/2Re dw
(fﬂuid) "~ 16pctv2Re
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